Space-based gravitational wave detectors cannot keep rigid structures and precise arm length equality, so the precise equality of detector arms which is required in a ground-based interferometer to cancel the overwhelming laser noise is impossible. The time-delay interferometry method is applied to unequal arm lengths to cancel the laser frequency noise. We give analytical formulas of the averaged response functions for tensor, vector, breathing and longitudinal polarizations in different TDI combinations, and obtain their asymptotic behaviors. At low frequencies, f f * , the averaged response functions of all TDI combinations increase as f 2 for all six polarizations. The one exception is the averaged response functions of ζ for all six polarizations increase as f 4 in the equilateral-triangle case. At high frequencies, f f * , the averaged response functions of all TDI combinations for the tensor and breathing modes fall off as 1/f 2 , the averaged response functions of all TDI combinations for the vector mode fall off as ln(f )/f 2 , and the averaged response functions of all TDI combinations for the longitudinal mode fall as 1/f . We also give LISA and TianQin sensitivity curves in different TDI combinations for tensor, vector, breathing and longitudinal polarizations.
I. INTRODUCTION
Gravitational waves (GWs) are disturbances of space-time predicted by Einstein's general relativity. In Einstein's theory of general relativity, GWs propagate at the speed of light with two transverse polarization states. In alternative theories of gravity, GWs may have up to six polarizations and the propagation speed may differ from the speed of light [1] [2] [3] [4] [5] [6] [7] [8] [9] . The detections of GWs by the Laser Interferometer Gravitational-Wave Observatory(LIGO) Scientific Collaboration and the Virgo Collaboration opened a new window to test general relativity and probe the nature of gravity in the strong field regime [10] [11] [12] [13] [14] [15] [16] .
The ground-based detectors, such as Advanced LIGO [17, 18] , Advanced Virgo [19] and KAGRA [20, 21] , operate in the high frequency band (10-10 4 Hz). However, there are many important gravitational wave (GW) sources such as coalescing galactic binaries, coalescing supermassive black hole binaries and secondary GWs from ultra-slow-roll inflation [22, 23] emitting GWs with low frequency (mHz-1Hz). The detection of low frequency GWs will help address numerous astrophysical, cosmological and theoretical problems. The proposed space-based detectors such as LISA [24, 25] , TianQin [26] and TaiJi [27] probe GWs in the frequency band of millihertz, while DECIGO [28] operates in the frequency band of 0.1 to 10 Hz.
For ground-based interferometric GW detectors, we don't need to worry about the frequency dependence of the antenna response because the wavelength of in-band GWs is larger than the arm length of the detector. For space-based interferometric GW detectors, the distance between spacecraft (SC) is comparable or even larger than the wavelength of in-band GWs and it is impossible to maintain the precise equality of the arm lengths. Since in the interferometric measurements, laser frequency noise dominates the expected gravitational signals by several orders of magnitude, it experiences different time delays in the arms and hence will not cancel out when the beams are recombined. Time-delay Interferometry (TDI) proposed in [29, 30] is a technique applied to unequal arm lengths that significantly reduces this laser frequency noise. By synthesizing virtual equal arm interferometric measurements with TDI, the laser frequency noise was brought below the GW signals [31] . Furthermore, a rigorous and systematic procedure based on algebraic geometrical methods and commutative algebra was proposed to cancel the laser frequency noise [32] . In the first generation of TDI, a static array is assumed. The second generation of TDI applies to a rotating and flexing configuration with arm lengths varying linearly in time. Recently, the effects of the flexing-filtering coupling on the TDI residual laser noise for LISA was considered [33] . In [34] , the authors discussed the clock-noise calibration of the phase fluctuations of the onboard ultrastable oscillators for the second generation formulation of TDI. For more discussion on TDI algorithm and its application to LISA, please see [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] and references therein.
In this paper, we discuss the frequency response of TDI combinations for space-based GW interferometers by averaging the transfer functions over source directions and polarizations.
For equal arm space-based interferometric detectors without optical cavities, an analytical formula for the averaged response function of the tensor mode was derived in [54] and the generalization to other polarizations was obtained in [55] . The averaged response function for all six possible polarization was also discussed in [56] by numerical simulation. For LISA, the averaged response functions of TDI combinations for all six possible polarization were obtained with numerical simulation in [57] . An analytical formula for the averaged response function of the tensor mode for unequal arm space-based GW detectors was derived in [58] .
The purpose of this paper is to extend the discussions on the averaged response functions in [54, 55, 58] to different TDI combinations for all polarizations so that analytical expressions are derived to understand the asymptotic behaviours of the averaged response functions.
The paper is organized as follows. In Sec. II we discuss the antenna response functions of TDI combinations. The analytical formulas for averaged response functions of different TDI combinations are derived and the asymptotic behaviors of the averaged response function are analyzed in Sec. III. The discussion on the averaged response functions for equal arm space-based interferometric GW detectors to massive gravitons and the analytical formulas for different TDI combinations are presented in Appendix A and B. In Sec. IV, we give the sensitivity curves for LISA and TianQin. The paper is concluded in Sec. V.
II. ANTENNA RESPONSE FUNCTIONS

A. Polarization tensors
For a GW propagating along the directionΩ(θ, φ), we introduce two perpendicular unit vectorsp andq to from the orthonormal coordinate system such thatΩ =p ×q. To account for the rotational degree of freedom aroundΩ, we introduce the polarization angle ψ to form two new orthonormal vectors, r = cos ψp + sin ψq,ŝ = − sin ψp + cos ψq.
(1)
With the orthonormal basis, the six polarization tensors are defined as
In terms of the polarization tensor, the GW signal is h ij (t) = A e A ij h A (t), where A = +, ×, x, y, b, l stands for the six polarizations. Fig. 1 shows the schematic geometry for one-way Doppler tracking. The laser beams travel between SC 1 and SC 2 with the distance L along the unit directionn, the one-way distance change due to GWs propagating along the unit directionΩ is [58] 
B. The transfer function for one-way transmission
where ω = 2πf is the angular frequency of GWs, the transfer function T (ω,n·Ω) for one-way Doppler tracking is [59, 60] T (ω,n ·Ω) = sin[ωL(1 −n ·Ω)/2]
where sinc(x) = sin(x)/x, r 2 is the location of SC 2 . In the low frequency limit, ω → 0, we have T (ω,n ·Ω) → 1/2. For GWs with the propagation speed v gw different from the speed of light c, the transfer function is presented in the appendix A. As discussed in appendix A, the effect of propagation speed is negligible for space-based GW detectors, so we don't consider it for TDI.
FIG. 1. The one-way Doppler tracking. GWs propagate alongΩ and the laser beam transmits alongn between two spacecrafts SC 1 located at r 1 and SC 2 located at r 2 . The arm-length between SC 1 and SC 2 is L. Fig. 2 shows the schematic configuration of a space-based, unequal arm interferometric GW detector. The SC is labelled as 1, 2, 3, and SC 1 is located at the origin. The armlengths between SC pairs are L 1 , L 2 , L 3 and the unit vectors with the indicated orientation along the optical paths aren a , where L a andn a are opposite to SC a and the index a = 1, 2, 3 labels the SCs. Note that L 1n + L 2n2 = L 3n3 . Following [31, 39] , we denote y ab as the relative frequency fluctuations time series measured from reception at SC b with transmission from SC d (d = a and d = b) along L a as shown in Fig. 3 . For example, y 31 is the relative frequency fluctuations time series measured from reception at SC 1 with transmission from SC 2 along L 3 , and the other five one-way relative frequency time series are obtained by cyclic permutation of the indices: 1 → 2 → 3 → 1. Similarly, the useful notation for delayed data streams are: y 31,2 = y 31 (t − L 2 ), y 31,23 = y 31 (t − L 2 − L 3 ) = y 31,32 , where we take the speed of light c = 1.
C. Response functions
By using Eqs. (3) and (4), we get the GW response for the six TDI signal [31] 
where g a = L a /L e , L e is the expected arm length, u = ωL e , u a = ωL a = g a u, µ a =n a ·Ω, and T D is the corresponding time delay. For example, T D = u 1 + u 2 for y gw 23,12 . The signal in the arm of the interferometric GW detector is
where F A is the angular response function for polarization A. Averaging over source direction and polarization angle, we get the averaged response function R A (f ),
For the TDI α combination [30, 31] , the response functions F A α (f, θ, φ, ψ) are defined as
Similarly, the response functions for other TDI combinations can be derived.
III. ANALYTICAL FORMULAS OF AVERAGED RESPONSE FUNCTIONS
There are six different TDI combinations: the six-pulse combination (α, β, γ), the fully symmetric (Sagnac) combination (ζ), the unequal arm Michelson variables (X, Y, Z), the Beacon (P, Q, R), the Monitor(E, F, G), and the Relay (U, V, W ) [30, 31] , we show four of them in Fig. 4 . Combining Eqs. (5), (13) and (14), we can derive the averaged response functions for all polarizations and all TDI combinations. By assuming uniform distribution of the sources over the celestial sphere, the averaged response functions were plotted in [57] via Monte Carlo integration with 4000 source position/polarization state pairs per Fourier frequency bin and 7000 Fourier bins across the LISA band. In this section, we derive analytical formulas for the averaged response functions and analyze their asymptotic behaviors. We work in the source coordinate system and follow the notation used in [54, 55] . In particular, µ 1 = cos θ 1 = (µ 2 cos σ + sin θ 2 sin σ cos )L 3 /L 1 − µ 2 L 2 /L 1 , µ 3 = cos θ 3 = µ 2 cos σ + sin θ 2 sin σ cos , µ 2 = cos θ 2 , κ 1 = sin θ 2 cos σ − µ 2 sin σ cos , κ 2 = (sin θ 2 cos σ − µ 2 sin σ cos )L 3 /L 1 − sin θ 2 L 2 /L 1 , is the angle between the plane containingn 2 andΩ and the plane of the interferometer, σ is the opening angle between two arms and cos σ = (L 2 2 + L 2 3 − L 2 1 )/(2L 2 L 3 ). Si(x) is the sine-integral function, and Ci(x) is the cosine-integral function. In the low frequency limit, u = ωL e → 0,
where γ E is Euler number. In the high frequency limit, u → ∞,
Ci(u) → 0. 
where
Similarly, we can obtain the averaged response functions R A Y and R A Z by cyclic permutation of arm lengths (u 1 → u 2 → u 3 → u 1 ) from R A X . From Eqs. (17) , (18) , (19) and (20) , it is easy to show that in the low frequency limit, ω → 0, R A X ∝ ω 2 . In the high frequency limit, we find that R X ∝ 1/ω 2 for the tensor and breathing modes, R X ∝ 1/ω for the longitudinal mode and R X ∝ ln(ω)/ω 2 for the vector mode.
The high frequency behaviors are the same as those for the equal arm interferometric GW detector without optical cavities derived in [55] . We show the averaged response functions of the TDI combinations X, Y and Z for space-based interferometers in Fig is easy to see that in the low frequency limit, R A P ∝ ω 2 . In the high frequency limit, we find that R P ∝ 1/ω 2 for the tensor and breathing modes, R P ∝ 1/ω for the longitudinal mode and R P ∝ ln(ω)/ω 2 for the vector mode, which are the same as those for the equal arm interferometric GW detector without optical cavities derived in [55] . We show the (B11) and (B12), it is easy to see that in the low frequency limit, R A E ∝ ω 2 . In the high frequency limit, we find that R E ∝ 1/ω 2 for the tensor and breathing modes, R E ∝ 1/ω for the longitudinal mode and R E ∝ ln(ω)/ω 2 for the vector mode, which are the same as those for the equal arm interferometric GW detector without optical cavities derived in [55] .
We show the averaged response functions of the TDI Monitor combinations E, F and G for space-based interferometers in Fig. 5 (B19) and (B20), it is easy to see that in the low frequency limit, R A U ∝ ω 2 . In the high frequency limit, we find that R U ∝ 1/ω 2 for the tensor and breathing modes, R U ∝ 1/ω for the longitudinal mode and R U ∝ ln(ω)/ω 2 for the vector mode, which are the same as those for the equal arm interferometric GW detector without optical cavities derived in [55] . We show the averaged response functions of the TDI Monitor combinations U , V and W for space-based interferometers in Fig. 5 . (B26) and (B27), it is easy to see that in the low frequency limit, R A α ∝ ω 2 . In the high frequency limit, we find that R α ∝ 1/ω 2 for the tensor and breathing modes, R α ∝ 1/ω for the longitudinal mode and R α ∝ ln(ω)/ω 2 for the vector mode, which are the same as those for the equal arm interferometric GW detector without optical cavities derived in [55] . We show the averaged response functions of the TDI combinations α, β and γ for space-based interferometers in Fig. 5 .
F. Fully symmetric (Sagnac) combination
The fully symmetric (Sagnac) TDI combination ζ uses all six laser beams. The GW response for ζ is ζ gw = y gw 32,2 − y gw 23,3 + y gw 13,3 − y gw 31,1 + y gw 21,1 − y gw 12,2 . The analytical expressions for the averaged response functions of ζ are presented in appendix B 5. From Eqs. (B32), (B33), (B34) and (B35), it is easy to see that in the low frequency limit, R A ζ ∝ ω 2 . However, for the equilateral-triangle case L 1 = L 2 = L 3 = L, R A ζ ∝ ω 4 . In the high frequency limit, we find that R ζ ∝ 1/ω 2 for the tensor and breathing modes, R ζ ∝ 1/ω for the longitudinal mode and R ζ ∝ ln(ω)/ω 2 for the vector mode, which are the same as those for the equal arm interferometric GW detector without optical cavities derived in [55] . We show the averaged response functions of the TDI Sagnac combination ζ for space-based interferometers in Fig. 
5.
IV. SENSITIVITY CURVES
Armed with the averaged response functions for different TDI combinations, we are ready to plot the sensitivity curves. For LISA, the single-link optical metrology noise is [61] 
and the acceleration noise is
So we get the shot and proof mass noises 
The noises in TDI combinations are [31] P α n = [8 sin 2 (3πf L) + 16 sin 2 (πf L)]S proof mass 
The sensitivity curve for the tensor mode is
where k = α, ζ, X, P, E, U . The sensitivity curve for the vector mode is
The sensitivity curve for the breathing mode is
The sensitivity curve for the longitudinal mode is Fig. 6 shows LISA sensitivities of different TDI combinations and Fig. 7 shows TianQin sensitivities of different TDI combinations. As noted in [57] , there is a lack of sensitivity of the TDI combinations α and ζ to the breathing mode at frequencies equal to integer multiples of 1/L.
V. SUMMARY AND CONCLUSIONS
We obtain the analytical formulas for the averaged response functions of massive gravitons for tensor, vector, breathing and longitudinal polarizations. For space-based GW detectors, the frequency is much larger than the mass of gravitons constrained by the observations, so the propagation speed of GWs does not differ much from the speed of light and its effect on the averaged response functions is negligible. On the other hand, the distance between SCs is comparable or even larger than the wavelength of in-band GWs and it is impossible plot the frequency dependent response functions for tensor, vector, breathing and longitudinal polarizations with equal arms, we also plot the LISA and TianQin sensitivity curves with different TDI combinations for tensor, vector, breathing and longitudinal polarizations.
Appendix A: The transfer function for massive gravitons
For GWs with the propagation speed v gw which is different from the speed of light c, the transfer function T (f,n ·Ω) for a single round-trip in the arm is [57, 62] 
where f = c/(2πL) is the transfer frequency, L is the arm-length of the detector and here we write out c explicitly. For massive gravitons, GWs' propagation speed v gw (ω) =
Choosing the source coordinate system, we calculate the averaged angular response function for equal arm interferometric GW detectors without optical cavities in the arms, and the results are
× [cos(σ) sin(θ 1 ) − sin(σ) cos(θ 1 ) cos( )] η(u),
µ 1 = cos θ 1 /v gw , µ 2 = cos θ 2 /v gw , cos θ 2 = cos σ cos θ 1 + sin σ sin θ 1 cos . In the massless or high frequency limit, v gw = c and we recover those results in [55] . In the low frequency and massless limits, m g ω 2πf * , we get R + = R × = R x = R y = sin 2 σ/5 and R b = R l = sin 2 σ/15. On the other hand, in the limit ω → m g , we get R A = 0. We show the results of the averaged response function for equal arm interferometric GW detectors without optical cavities in the arms in Fig. 8 . Since the observations constrain the mass of gravitons to be m g ≤ 5.0 × 10 −23 eV [63] and space-based GW detectors operate in the mHZ frequency, so we have m g ω and the effect of the propagation speed is negligible as shown in Fig. 8 . The averaged response functions of P are
Similarly, we can obtain the averaged response functions R A Q and R A R through the cyclic permutation u 1 → u 2 → u 3 → u 1 .
Monitor combinations
The averaged response functions of E are
Similarly, we can obtain the averaged response functions R A F and R A G through the cyclic permutation u 1 → u 2 → u 3 → u 1 .
Relay combinations
The averaged response functions of U are
Similarly, we can obtain the averaged response functions R A V and R A W through the cyclic permutation u 1 → u 2 → u 3 → u 1 . (1 − µ 2 1 ) 1 − µ 2 2 η 1 α + [κ 1 κ 2 + (g 3 /g 1 ) sin 2 σ sin 2 ]µ 1 µ 3 (1 − µ 2 1 )(1 − µ 2 3 ) (1 − µ 2 1 )(1 − µ 2 3 )
where η 0 α = 1 − µ 2 1 [cos u 1 − cos(u 1 µ 1 )] cos (u 1 µ 1 + u 2 + u 2 µ 2 − u 3 − u 3 µ 3 ) (B28) (1 − µ 2 1 )(1 − µ 2 2 )
where η 0
